Numerical Linear Algebra
Solution of Exercise Problems

Yan Zeng
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Abstract

This is a solution manual of the textbook Numerical Linear Algebra, by Lloyd N. Trefethen and David
Bau II (SIAM, 1997). This version omits Exercise 9.3, 10.4.
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1 Matrix-Vector Multiplication
1.1. (a)

Proof. The basic principle applied here is the following: if A is a rectangular matrix, then any elementary
row operation on A may be carried out by multiplying A from the left by the corresponding elementary
matrix; any elementary column operation on A may be carried out by multiplying A from the right by the
corresponding elementary matrix. See, for example, Munkres [2] §2, Theorem 2.1 for details.
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(b)
Proof.
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1.2. Not sure if I understand the problem correctly. Anyway, here’s the solution.
(a)
Proof. We have
bil —ki2 k12 0 0] [z kialio
ol | O —kas  kaz O | 22| _ |kaslos
I3 0 0 —ksa ksa| |3 k34l34
fa 0 0 0 0| [za 0
O
(2)
Proof. The entries of K are spring constants. By Hooke’s law (force = spring constant x displacement), the
dimension of the entries of K is d.force — 1Nass O
istance  time
(3)
mass | *
Proof. [timez} . O
(4)
Proof. K = 1000K’ and det(K) = 10'2 - det(K). O

1.3.



Proof. We write I, xm, and R™! in the column form: IL,xm = [e1,e2, - ,em], R71 = [a1,a2, -, am].
Suppose R = (r;;) has the form

T11 r12 T1im
a0
0 0 o
Then I, xm = R™'R can be written as
11 r12 Tim
[e1, €0, em] = [a1,az, -, am] 0 7ros -+  Tom
0 0 - 1,

Since R is nonsingular and det(R)=[]/", 7;;, we conclude the diagonal entries r;; are non-zero.

To show R~ is necessarily upper-triangular, we work by induction. To begin with, we have e; = r11a;.
Soa; = rﬁlel has zero entries except the first one. For convenience, we denote by C™ (k) the column space
U1
{v = v2 € C™ :v; =0 fori>k}. Then C™(1) C C™(2) C --- C C™(m) = C™ and each C™(k)
Urn
is a linear subspace of C™. We have shown a; € C™(1). Assume for any k < i, a € C™(k). Then by
Txm = RR™1, we have

€it1 = Z OkTk(i+1) = Z kT (i+1) T Qit 1T (i+1) (i+1) -
k=1 k=1
Therefore
m
Qi+l = T(_i}rl)(iﬂ) (ei“ - Z a’frk(iJrl)) eC™(i+1).
=1

k
By induction, we have proved ap € C™(k) for 1 < k < m, which is equivalent to R~! being upper-

triangular. O
1.4. (a)
dq C1
Proof. Denote by d the column vector d2 and by ¢ the column vector 6.2' . Let F' be the matrix whose
ds Cs

(i,j)-entry is f;(i). Then the given condition can be rephrased as: for any d € C®, we can find ¢ € C® such
that Fc = d. This means range(F)=C8. By Theorem 1.3, null(F)={0}, which implies the mapping d ~ ¢
is one-to-one. O

(b)

Proof. Note Ad = ¢ for any ¢ € C® implies AFc = ¢ for any ¢ € C8. So A~! = F and the (i,j)-entry of A1
2 Orthogonal Vectors and Matrices

2.1.

Proof. If A is upper-triangular, then A* = A~! is also upper-triangular (Exercise 1.3). So A must be
diagonal. The case of lower-triangular can be proved similarly. O



2.2. (a)
Proof.

m m

m
loy +a2l® =) (w1 +220)” =) (af, +23,) + 2 wniwa; = o1 |® + 2] + 2052 = |21]* + |22,
i=1 =1 =1

where the last equality is due to orthogonality. O
(b)

Proof. Assume | Zle zi|? = Zle |z;|? for any 1 < k < n, then

n+1 n n n+1
IY il =1 @l + leaal® = D lal® + lenal® = Y Jal®.
i=1 i=1 i=1 i=1
By mathematical induction, we conclude the Pythagorean Theorem is true for any n € N. O

2.3. (a)
Proof. If Ax = Az for some z € C\ {0}, then
Mz|? = Ae*e = 2*(\a) = 2" Az = 2 A%x = (Az)*z = (\x)*z = No*z = \z]?
Since x # 0, it must be the case that A = A*. O
(b)
Proof. Suppose Az = Az and Ay = py with A # p. Then
e =yt (Az) = (YT Az = (y A%z = (Ay)"z = (wy)"c = py*z,

where we have used the result of part (a) to get u* = p. Since A # p, we must have y*z = 0, i.e. z and y
are orthogonal to each other. O

2.4.

Proof. Suppose A is a unitary matrix, A is an eigenvalue of A with = a corresponding eigenvector. Then
r*r = 2 (A*A)z = (Az)*(Az) = (A\z)*(\z) = |\|*z* .

Since z # 0, we must have |A| = 1. O

2.5.

Remark 1. The point of skew-Hermitian matriz is that any matriz A can be decomposed into the sum of a
Hermitian matriz (A + A*) and a skew-Hermitian matriz 1(A— A*). For more details on skew-Hermitian
matriz, see Lax [1], Chapter 8.

(a)

Proof. We note S is Hermitian: (¢S)* = i*S* = —i(—S) = i¢S. Since A is an eigenvalue of S if and only if
Ai is an eigenvalue of iS5, by Exercise 2.3 we conclude A must be pure imaginary. O

(b)
Proof. Suppose z is such that (I —S)x = 0. Then z = Sz and
¥r = (Sz)*x =2 S"r = —2*Sx = —zx.

So z*x = 0 and = must be zero. This shows null( — S) = {0}. By Theorem 1.3, I — S is nonsingualr.



()
Proof. Define A =[(I —8)"'(I+9)]*[(I —S)"*(I +S)]. Then (note for a nonsingular matrix U, (U~!)* =
@)™

A =

( VI =8)* (I =8)""(I+9)
( NI =8)T =8I +9)
= I-9IT-8ST+9)] ' I+95)
(I—-8)(I-58%"YI+29).

Therefore, A = A(I — S)(I — 8)~' = (I — 8)[(I — 82)~'(I — S*)](I - S)~' = (I — S)(I — §)~! = I. This

shows the matrix @ is unitary. O
2.6.

Proof. If u = 0, the problem is trivial. So without loss of generality, we assume u # 0.

We first find the necessary and sufficient condition under which A is singular. For necessity, suppose
there exists z € C\ {0} such that Az = z + wv*z = 0. Then x = —u(v*z) is a scalar multiple of u. So we
can assume x = au form some o € C. Then the equation Az = 0 beomces

ou + u(v*(au)) = au(l +v*u) = 0.

So we must have v*u = —1. For sufficiency, assume v*u = —1. Then for any o € \{0}, A(au) = au +
wv*(au) = au(l+ v*u) = 0, which implies A is singular. Combined, we conclude A is singular if and only if
v*u = —1. In this case, null(A) = {au : a € C}, the linear subspace spanned by wu.

Now assume A is nonsingular. We shall find out A=!. Write A~! in column form [zy,-- ,2,,]. Then
AAT = (T +wo™)[zy, - 2] = [£1 Fuv™ @y, 2 Fuv ey =1 = [e1, -, em).
01
So z;+uv*z; = e; (1 <i < m)and A~! has the general [e; —61u, -+ - , ey, —Opu] = I —ud*, where § =
Om,
Note

I=AA"" = (I +w*)(I —ub*) = I —ub* +uv* — uv*ud*,

-1 _ uv”®
So A —I—H_v*u. OJ

which implies 0 = —uf; +uv; —u(v*u)d; (1 < i < m). Solving for 6; gives §; = H_”ﬁ

2.7.

Proof. Inspired by Cramer’s rule, we can easily verify

- Lo 1o [-Hy —Hy| 1[H ' H'
Hihy = —3UH) [—Hk Hy | 2 |H' —-H'|"
Assume Hy is a Hadamard matrix and denote by «ay the corresponding constant factor. Then oy = 1 and
we have . . .
H H H, H_
T _ k k| — k k
i = [HE —HkT} o |:Hk_1 —H;

By induction, we can conclude Hy, (k € N) is a Hadamard matrix and the corresponding constant factor is
k
Qp = 2F, O

1:| = 2C¥kaj_,:1



3 Norms

3.1.

Proof. To verify property (1) of (3.1), we note |z|w = |[Wz| > 0 is obvious. Also |z|w = |[Wz| = 0 if and
only if Wz = 0, which is further equivalent to z = 0 by the nonsingularity of W. To verify property (2) of
(3.1), we note

Iz +ylw = Wz +y)| = [We+Wy| < [Wal + [Wy| = |zlw + [ylw-
Finally, |az|w = [W(az)| = [a(W2z)| = [o|[Wz] = |a||2]w. H
3.2.

Proof. If X is an eigenvalue of A, we can find x € C™ \ {0} such that Az = Az. So

|Az] |Ay]
Al = < sup = = A
|z yecm\(oy 1Yl
O
3.3. (a)
Proof. Assume |z;| = maxi<i<m |2;]. Then |z]e = |@iy| < /Doiny |@i]? = |z]2. For z = ae; (a € C,1 <
1 < m), the equality holds. O

(b)

Proof. Assume |x;,| = maxi<i<m |[z;]. Then |z]2 = />io |22 < V/Doiey |75, 2 = vVm|zi,| = vVimlz] oo
1

Forz =« '1. (o € C), the equality holds. O

()
Proof. For any x € C™ \ {0}, by part (a) and (b),

ol _ Al _ o dsly
[#loo ™ zl2l2 ]2
Take supremum on both sides, we have |A|, < v/n|A]s. O

(d)
Proof. For any x € C™ \ {0}, by part (a) and (b),

|Az]z _ vm|Az|e

lzle = el

Take supremum on both sides, we have |A]s < v/m|A|so- O
3.4. (a)

Proof. If A is multiplied from the right by identity matrix with the i-th column removed, the result is the
matrix obtained by removing the i-th column of A. Similarly, if A is multiplied from the left by the identity
matrix with the i-th row removed, the result is the matrix obtained by removing the i-th row of A. To
obtain B, we can multiply A from the left and the right by the appropriate identity matrices with certain
rows/columns removed. O



(b)

Proof. By inequality (3.14), it suffices to prove any matrix obtained by removing a column or a row from an
identity matrix has p-norm less than or equal to 1. This is easy to see by straightforward computation and
we omit the details. O

3.5.

Proof. Assume u € C™ and v € C". If E = uv*, for any x € C™\ {0},

|Exla _ Juvtalz _ [o"z{|ul

lol>— dzlz 2l

< Julalol2,

where the last inequality is by Cauchy-Schwarz inequality. This shows |E|s < |uf2|v]2. By letting z = v in
the above reasoning, we can show the equality holds, i.e. |E|2 = |u|2|v|2-
Moreover, we note E;; = u;v;. Therefore

IBlr = (| DD 1Bl = | D0 luilPlog2 = | Qi [uil?) = lul plolr.
i=1 j=1

i=1 j=1 i=1 j=1
O
3.6. (a)
Proof. |z|" > 0 is straightforward. Note |z|" > |(ﬁ)*x\ = |z|. So |z|" = 0 if and only if x = 0. Also,
lz1 +@2|" = sup [y" (21 + 22)| < sup (|y"21| + [y"z2]) < sup |y"a1|+ sup [y"2s| = |z + |z2f.
lyl=1 lyl=1 lyl=1 lyl=1
Finally, for any a € C, |ax|" = sup|, = [y* (ax)| = supj, =1 [al|y*z| = |a||z]". O
(b)
Proof. We follow the hint. For the given x, we can find a nonzero zy € C™ such that |z5xz| = |20]’|x|. Define

z = e /|z0|’, where § = arg(zpz). Then |z =1 and

* *
Fp = —i6 0 -z = |ZO$/| — ”xu —1.
|0l (Bl
Therefore, Bz = (yz*)x = y(z*x) = y. Furthermore, we note
|Bl = sup |Bw|= sup |yz"w|= sup |s"wl|y|= sup |Jw"z]=]z|" =1
lw]=1 lwl=1 lw]=1 lwl=1

Combined, we conclude for the above defined z* and B = yz*, we have Bz =y and |B| = 1.

Remark 2. Note the desired properties of B, Bx = y and |B| = 1, are equivalent to (a) z*x = 1 = |z|;
(b) |z|' = 1. This immediately reminds us of the following well-known corollary of Han-Banach Theorem:
Given an element x in a normed linear space X, there exists a continuous linear functional I on X, such

T

that [(z) = |z| and |I| =1 (Yosida [3], page 108). Note l(z) =1(> i~ mie;) = [l(er), -+, Uem)] |-+ |. We
-

can therefore define z such that z* = [l(e1), - ,l(em)]. Then l(w) = z*w for any w € C™ (in particular,

z*x = 1(z) = |z|). Consequently, |z|' = |l| =1. This proves the hint.
O



4 The Singular Value Decomposition

Remark 3. In the proof of Theorem 4.1, the part on uniqueness is a bit confusing, esp. the following
sentence: “Since |Als = o1, |Ava|a < o1; but this must be an equality, for otherwise, since w = vic + Va8
for some constants ¢ and s with |c|* + |s|? = 1, we would have |Aw|s < 01.”

I don’t see why “we would have |Aw|s < o1.” An alternative proof for the uniqueness goes as follows:
The uniqueness of the singular values {o;} are given by the observation that {UJQ-} are eigenvalues of AA* or
A*A. Note {u;} are eigenvectors of AA*, with 012» ’s the corresponding eigenvalues. So when o;’s are distinct,
the eigenvalues of AA* are also distinct, and the eigenspace of each sz (for AA*) is of dimension one. Due
to normalization, each u; is unique up to a complex sign. The result for {v;} can be proven similarly.

4.1. To find the SVD of a matrix A, we note that if A = UXV™* is the SVD of A, then AA* = U(XX*)U*,

or equivalently, (AA*)U = U(XX*). Writing U in its column form [u1,us, - - , 4], the equation becomes
2 2 2 .
oiUL, 05U, -+, Oo U ifm<n
Y B R N A

[ofu1, - ,00upn,0,--+,0] if m>n.
This shows for p = min{m,n}, 0%, 03, -, 012, are eigenvalues of AA* and uy, ug, - - -, up, are the corresponding
eigenvectors. This gives us a way to find the singular values and U: if m < n, U consists of the eigenvectors
of 02, 02, .-+, 02,; if m > n, the first n columns of U are eigenvectors of 0%, 02, - -+, 02 and the last m —n

columns of U can be chosen from null(AA*) so that U becomes unitary. If A is not of full rank, then p needs
to be replaced by rank(A) in the above algorithm.

A similar algorithm for V' can be found by noting (4*A)V = V(XX*). Note ¥X* and X*¥ have the same
nonzero eigenvalues. we don’t have to recalculate the eigenvalues. In practice, various tricks often directly
yield the SVD without resorting to the above method.

The solution below has been verified by Mathema\tica.ﬂ

(a)

30 1 0
Proof. U:IQXQ,E:|:O 2]"/:{0 _J. O
(b)
0 1 30 0 1
Proof. U—L O]’E_[O 2},\/—[1 0}. O
(c)
2 0 01
Proof. U = I3x3, %= |0 0 ,V:[ } O
10
0 0
(d)
V2 0] 1 -1
Proof.U:IQXQ,E:{O 0_,V:§1 . O
(e)
ol -1 20 _ w1l -1
Proof.U—Q[1 1]’2__00"/_2 L O

4.2.
Example: {u,w,v} = SingularValueDecomposition[{{1,2}, {1,2}}].




a1 ai2 - O1n ami1 am-1,1 - A1l
Proof. Suppose A= |-+ -+ .. .. | Then B=|--- -+« +-- 1. We can obtain from
am1 aAm2 - Amn Amn  Am—1n " Q1n
B the transpose A” of A by swapping columns of B. Therefore, the question asked by the problem is reduced
to the following two sub-questions: 1) Does a matrix and its transpose have the same singular values? 2)
If we multiply a matrix by a unitary matrix, does the resulted matrix have the same singular values as the
original one?
In view of the structure of SVD and the uniqueness of singular values, we can say yes to both questions.
Hence A and B have the same singular values. O

4.3.

On pre-image plane Onimage plane

-02
-1

-04

-06
-2

-08
- -3
1 05 [ 05 1 E

Proof. We have the following MATLAB program.

function svd_plot(A)

%SVD_PLOT  find the SVD of a real 2-by-2 matrix A. It then

% plots the right singular vectors in the unit circle on

% the pre-image plane, as well as the scaled left singular
% vectors in the appropriate ellipse on the image plane.

)

% Exercise problem 4.3 of [1].

)

h [1]

% Lloyd N. Trefethen and David Bau III. Numerical linear algebra.
A SIAM, 1997.

)

YA Z.Y., 09/19/2009.

t=0:0.01: (2%pi);

% Create the unit circe on the pre-image plane.
x1 = cos(t); yl1 = sin(t);

% Create the ellipse on the image plane.
w = Ax[x1; y1]; x2 = w(l,:); y2 = w(2,:);

% Obtain the SVD of A
[U, s, V] = svd(A);

% Create the right and left singular vectors



vi = V(:,1); v2 = V(:,2); % right singular vectors
ul = U(:,1); u2 = U(:,2); % left singular vectors
wl = S(1,1)*ul; w2 = S(2,2)*u2; % scaled left singular vectors

% Plot the unit circle and the right singular vectors on pre-image plane.
figure(1);

axis([-1.2 1.2 -1.2 1.2]);

plot(xl, y1);

hold on;
line_plot(vl, 'b');
hold on;
line_plot(v2, 'r');
grid on;

title('On pre-image plane');

% Plot the ellipse and the scaled left signualr vectors on image plane.
figure(2);

axis([-3 3 -3 3]);

plot(x2, y2);

hold on;

line_plot(wl,'b');

hold on;

line_plot(w2, 'r');

grid on;

title('On image plane');

end % svd_plot

Thhllolototototolololololle Nested function %kikieletelelelolelolslstststslslols

function line_plot(v, color)

%LINE_PLOT plots the line segment between the origin and the

b vector V on the 2-dimensional plane.
%

% Example: line_plot([1 1], 'r').

A

% Z.Y., 09/19/2009.

t = 0:0.01:1; x = v(D*t; y = v(2)*t; plot(x, y, color);

end % line_plot

4.4.

Proof. Suppose A has SVD U; X, V)" and B has SVD U X, V.

If A and B are unitarily equivalent, there exists a unitary matrix @, such that A = QBQ*. Then
A = Q(UaXaV5)Q* = (QU2)E5(QVa)*. So (QU2)E5(QVa)* is an SVD of A. By the uniqueness of singular
values, Yo = 31. In other words, A and B have the same singular values.

The converse is not necessarily true. As a counter example, note in Problem 4.1 (d), if we can let
A= [(1] (ﬂ and B = {\? 8}, then A and B have the same singular values. But they are not unitarily
equivalent: otherwise A would be symmetric, which is clearly not true. O

10



4.5.

Proof. We give two proofs.

For the first proof, we can examine the proof of Theorem 4.1 and see that if we replace C™ with R™
everywhere, the same proof-by-induction works for real A. So when A is real, it has a real SVD.

For the second proof, we note A* A is now real and symmetric. So it has a complete set of orthogonal (i.e.
real and orthonormal) eigenvectors: vy, va, « -+, v,. Define V' = [v1,- - ,v,] and denote by A; the eigenvalue
corresponding to v; (i = 1,---,n). Since A*A is nonnegative, all the eigenvalues are nonnegative. Without
loss of generality, we assume Ay > Ay > --- > \,. Let r be the largest index such that A. > 0. Then
Arg1 =+ = A, = 0. Moreover, we note null(A*A) = null(A4), since

x € null(A*A) = A"Az =0 = (Az)"(Az) = 2" A" Az = 0 = Az = 0 = z € null(4).

Coming back to Problem 4.5, we define o; = v/A; and u; = ‘i—f (i=1,---,r). Then {uy, - ,u,} is an
orthogonal set of vectors:
whu; = (Avi)*(Avy) _ vf(A"A)o;  Ajojv; 5.

‘ 003 \/AiAj B \/)\i)\j B
We can expand the set {uy,--+,u,} to be an orthogonal basis for R™: {u1,- -+, Up, Upy1, -+ ,Um}. Define
U=uy, -+ ,unm]. We check U*AV is a diagonal matrix (recall null(A*A) = null(A)):

uj
* 0 if 7 >
U*AV: Ug A[’Ul,"' 71)"] :(UIAU])7 and U:AUJ: 1 ] "
o0 if j <r.
Uy,

This shows U*AV is a (rectangular) diagonal matrix ¥. So A has a real SVD A = UXV™.

Remark 4. The second proof is actually an existence proof of SVD when A is real. It relies on the
diagonalization result of real symmetric matrices.

O

5 More on the SVD

5.1.
Proof. We note

Lt 21t 0] _[5 4 RPN DY S E I
AA _[0 2} {2 2}_[4 4},det(M—AA)_det[4 /\4]—)\ — 9\ +4.

E&Qﬁ. Therefore the largest and smallest singular values

So the two eigenvalues of AA* are Ao =

1/2 1/2
of A are, respectively, omax(A4) = (%) ~ 2.920809626481889 and oy, (A) = (79—2@) ~
0.684741648982100.

5.2.

Proof. Suppose A has SVD UXV*. For any € > 0, define A, = U(X + el;mxn)V*, where I;; = ;5. Since
all the diagonal elements of ¥ is nonnegative, all the diagonal elements of (X + &I,,,x,) are positive. Since
multiplication by unitary matrices preserves the rank of a matrix, A, is of full rank. By Theorem 5.3,

A= Az = |U(elmnxn)V" ]2 = e

Therefore lime_,o |A — Ao = 0 with A, of full rank. This proves the set of full-rank matrices is a dense
subset of C™*™, O

11



5.3. (a)

Proof. We will derive the expression U from the equation AAT = UXSXUT. First of all, we note

r [125 7] __[5 3
A4 {75 125}25 {3 5]

The characteristic polynomial of B g] is

det([5gA 53AD =X — 10\ +16 = (A — 8)(A — 2).

So the eigenvalues of AAT are 8 -25 = 200 and 2 - 25 = 50. This implies the singular values of A are 10v/2
and 5v/2. Solving the equation

5 3 8 0

s vl s

gives us the general expression of U:

1 [a b
o=l b
where a,b € {1,—1}. Then
o [-2 —10] 1 fa b] |55 O ~3q %
VATUzl[ ]{ }10\/5 1 [45 iME
To let U and V have minimal number of minus signs, we should take a = b = 1. O

(b)

Proof. From our calculation in part (a), the singular values of A are 10y/2 and 5v/2. The right singular

-3/5 4/5 . 1/V2 1/V2 .
vectors are £ [ 4/5 ] and £+ [3/5}. The left singular vectors are + [1/\/5 and + _1/\/5 . The unit ball
in R? and its image under A, together with the singular vectors are shown in the following graph, plotted
by the MATLAB program we used for Exercise Problem 4.3. 4.3. O

(c)
Proof. By Theorem 5.3, |A]2 = 10v/2, |A|r = v/200 + 50 = 51/10. By Example 3.3, |A[; = 16. By Example
3.4, |A|oo = 15. O
(d)

12



Proof. Since A =UXVT and U, V are unitary,

_3 41 (L. o0 1 1 _
AT = (UsVT) =yt = { ; g} [woﬂ 5%] —= B 11} = = {150 121} .
O
(e)
Proof. The characteristic polynomial of A is
det {_21_0’\ 5 HA} = A% — 3X + 100.
So the eigenvalues of A are A\ 2 = (3 £ v391i)/2. O

(f)
Proof. We note detA = —2-5—11-(—10) = 100. A;As = $(9+391) = 100. o102 = 10v/2-5v2 =100. O
(e)
Proof. By change-of-variable formula, the area of the llipsoid is det(A) = 100. O
5.4.
Proof. We note

A 0 Usv: 0 Lxm 0 0 VSHU*
[0 Lnm|[U 0O][E 0][V* 0
= |Inxm 0 |0 V|0 =[]0 Ut

. ) 0 Lnxm| o oy . u o). (U 0 . )
The inverse of [ L 0 } is itself and the inverse of [0 V} is [ 0 V*]' So the inverse of

0 Imxm| (U O
Lnxm 0 0V

I e S L P |

is {0 V*} Lme 0 ] Note

Ve 0] [ 0 Inxm] [UF O 0 Lxm
0 U*| " |Lnxm O 0o V| |Lyxwm 0 |
Therefore, we have
0 A* 0  Ineml [U 0 S 01 0 ILuem 0 ILnxml [U 01\ "
A 0 Lxm 0 |0 V 0 | [ Insm O Inxm 0 |l0 vV
0 L] [U ON[O ST/ 0 Lnwwm] [U 0]\
Lm0 |10 V])[= o [Imxw 0 |0 V '

Note ¥ is a diagonal matrix with nonnegative diagonal elements, we must have ¥ = ¥*. It’s easy to see

|:O Z} |:Im><m ImXTI’L :| _ |:Im><m Im><m } {Z O ] |:Im><m Ime :| |:Im><m Ime } _ 2]’2 9
- ) - mxXzam:

by 0 Im><'rn _Im><'m I’mxm _Imxm 0 _Z_ I?n><m _I7n><m I7n><m _I7rL><m

13



So the formula

R AU

¥ 0 V2 Imxm  —Imxm| |0 =] V2 Lmxm —Imxm
gives the eigenvalue decomposition of E} 0} . Combined, if we set
el Dl
Lonscm 0 0 V] V2 Umxm —Lmxm]’
then X [(X)J —OZ} X1 gives the eigenvalue decomposition of [Sl fg} O

6 Projectors
6.1.
Proof. Algebraically, we have by Theorem 6.1 (I —2P)* =I* —2P*=1—-2P. So
(I —2P)*(I-2P)=[I—-P)-PP?=(I-P)?-(I-P)P-PI—-P)+P>*=I-P+P=1,
which shows I — 2P is unitary. O

6.2.

Proof. 1t’s easy to see F2 = 1. So E? =
has the matrix representation

1(I+2F + F?) = 4E = F. This shows E is a projector. Note F

0 0 0 1

0 0 1 0
F=

0 1 0 0

1 0 0 0

So F* = F and consequently E* = E. By Theorem (6.1), E is an orthogonal projector. The matrix
representation of F is

1 0 - 0 1
0 1 - 1 0
Jop 2
2 DR
0 1 1 0
1 0 0 1

6.3.

Proof. We suppose the SVD of A is A = UXV*. Then A is of full rank if and only if . is of full rank. Since
A*A = VX*EV* we can easily see A*A is nonsingular if and only if ¥ is of full rank. Therefore, A*A is
nonsingular if and only if A has full rank.

An alternative proof: If A*A is singular, there exists z # 0 such that A*Ax = 0, which implies |Az|3 =
z*A*Ax = 0. So A is not of full rank. Conversely, if A is not of full rank, there must exist x % 0 such that
Ax = 0. So A*Ax = 0, which implies A* A is singular. This argument appears in the proof of Theorem 11.1

(pp. 81). O
6.4. (a)

14



1/v2 0
Proof. range(A) is the column space of A, which has an orthonormal basis a; = 0 and as = | 1
1/V2 0
So the orthogonal projector P onto range(A) can be written as Pz = ajza; + ajxas = ajaiz + azaber =
. 1/2 0 1/2
(a1,az) (a}k> x = AA*z, for any x € C3. Therefore, P = AA* = [ 0 1 0 | (the derivation so
@2 1/2 0 1/2
far is just the discussion after formula (6.7)). Consequently, the image under P of the vector (1,2,3)* is
(2,2,2)". O
(b)
Proof. By formula (6.13),
1 5 2 1
P=B(B*B)"'B* = a2 2 2
1 -2 5
Accordingly, the image under P of the vector (1,2,3)* is (2,0,2)*. O

6.5.

Proof. For any v € range(P), we have Pv = v. So |P|2 = max,ccm\ {0} "@ﬂz > 1. Suppose the SVD of P
is UXV*. Then for any x € C™, we have

|Pz|3 = 2*P*Px = 2*VS*UUSV*x = 2* V2V .

Therefore p - 5
”P”g — ma: ” Jf"g —  max ” - x”2 — ma: " .13”2 _ "2"2
zeCm\{0} [fz  wecm\{oy [VFala  zecm\{o} [z]2
Therefore, |Pla =1 <= |X|s =1 <= ¥ =I. But P> = UXV*UXV* = P = UXV*, which is equivalent to
V*UX =1. So X =1 <= U = V. This is equivalent to P being an orthogonal projector. O

7 QR Factorization

7.1. (a)

Proof. We note the columns of A are already orthogonal, so a reduced QR factorization and a full QR
factorization can be obtained by normalizing the columns of A

1 1 1
10 7z N s VR A N AV R
A:01201(01>:010 0 1
1 1 1
1 0 ﬁ() ﬁ0f2 0 O

Proof. We follow the Gram-Schmidt orthogonalization to produce the QR factorization of B = (by,bs). We

note
(b1,b2) = (g1, q2) <T(1)1 23)

2
So 711 = |b1]2 = V2 and g1 = b1/|b1]2 = (1/v/2,0,1/v2)T. 112 = giba = (1/3/2,0,1/v/2) | 1 | = V2, so
0

2 1/v2 1
bo—r2q1= | 1] —vV2| 0 =11
0 1/v2 -1

15



and rys = v/3. Consequently, the reduced QR factorization of B is

1/vV2 1/V3
B= 0 1/V3 <\{f g)

1/vV2 —1/V3
To find out the full QR factorization of B, we can set (see, for example, Lax [I], Chapter 7, Exercise 20 (vii))

-1/v/6
B=qxgp=|2/V6
1/V/6

Then
1/vV2 1/V3  —1/V6\ (V2 V2
B=| 0 1/vV3  2/V6 0 V3
1/v2 -1/v3 1/V6 0 0
O
7.2.

Proof. In the matrix R, we have r;j = 01if ¢ > j or ¢ < j but 7 and j are not simultaneously even or odd. [
7.3.

Proof. If A is not invertible, det A = 0 and we have nothing to prove. So without loss of generality, we as-

sume A is of full rank. Let A = QR be the QR factorization of A, then |det A| = |det Q-det R| = | H;nzl il

According to the Gram-Schmidt orthogonalization, r;; = ¢fa;(i # j) and |r;;| = |a; — Zf;ll 7i;4i|2. There-

fore
g1 j—1 j—1 j—1 j—1
il =la; = > riails = (af =Y rig))a; — > rija) = lagl3 — 2> rd+ > r < agl3.
=1 1=1 =1 =1 =1

This implies |det A| = \H;n:l ri;l < H;n:l |aj|2. The geometric interpretation of this inequality for m =
2 is that the area of a parallelepiped is at most the product the lengths of its two neighboring sides,
where the equality holds if and only if its sides are orthogonal to each other. Higher dimension has similar
interpretation. [

Remark 5. For an alternative proof, see Lax |}, Chapter 10, Theorem 11.
7.4.

Proof. P as the intersection of P() and P is a straight line. So P is orthogonal to both z(") x (1) and
@ x y2) In the full QR factorization of the 3 x 2 matrix (x(l), y(l)), the third column qgl) of the @ matrix
is a scalar multiple of () x y(; in the full QR factorization of the 3 x 2 matrix (z®),y®), the third
column qéQ) of the @ matrix is a scalar multiple of £(2) x y(2). Then a nonzero vector v € P can be chosen

as qél) X q§2), which is the third column of the @ matrix in the full QR factorization of the 3 x 2 matrix

(qgl), q§2)). Finding v is thus reduced to the computation of QR factorization of three 3 x 2 matrices. O
7.5. (a)

Proof. Suppose A = (ay,a2, -+ ,a,), Q@ = (q1,92,- - ,qn) and

i1 T2 o Tin
0= 0 7rog -+ T2
0 0 - Thn

16



If A is not of full rank, then _there exists k£ (1 < k < n) such that a; can be represented by a linear
combination of ay, - -, ax_1.2 By the Gram-Schmidt orthogonalization, we necessarily have ri, = 0.
Conversely, if 7 = 0 for some k with 1 < k < n,E we must have

k—1
ak = E riegs € (a1, -, ap—1).
i=1

That is, ay is a linear combination of a1, -+, ax—1. So A is not of full rank. Combined, we conclude A has
rank n if and only if all the diagonal entries of R are nonzero. O

(b)

Proof. At least k. By the condition, we have

<a1a"‘ ;ak> = <(I17"‘ >Qk>~

So the rank of A is at least k. The following example shows that the rank of A could be larger than k:

1 00
QR:(ql,QQ7Q3) O O 1 :(q1,07q2) :A.
0 0 0
Therefore rank(A) =2 > k = 1. O

8 Gram-Schmidt Orthogonalization

8.1.

Proof. To obtain ¢;, we use the formula vy = a; and ¢; = ”5—1" The computation of norm | - | involves m
multiplications, m — 1 additions and one square root. So the total number of flops needed for computing the
Euclidean norm of a vector in R™ is 2m. This implies the flops needed for obtaining ¢; is 2m + m = 3m,
where the second term m comes from division of v by |v1]. In summary, the flops for ¢; is 3m.

Suppose we have obtained g1, g2, -+, gj—1, we count the flops needed for obtaining g;. Algorithm 8.1
uses the formula

vj = Prg; s Prg, Prg,a;.

The projection P\ 4 a; = a; —¢14¢ja; involves m multiplication and (m—1) addition for ¢}a;, m multiplication
for ¢1(q{a;), and m subtraction for a; —qi(gja;). So the total number of flops is m+(m—1)+m+m = 4m—1.
This type of computation will be repeated (j—1) times, so the flops needed to obtain v; is (dm—1)(j—1). As
shown in the case of g1, the normalization ¢; = ”Zﬁ needs 3m flops. So the flops for ¢; is (4m—1)(j —1)+3m.

Summing up flops in each step, the total number of flops for Algorithm 8.1 is Z?Zl [(4m—1)(j—1)+3m] =
(4m —1) - 22D 4 3, O

8.2.
Proof. A translation of Algorithm 8.1 into MATLAB code is given below:

function [Q, R] = mgs(A)

%MGS computes a reduced QR factorization of an m x n matrix A with m no

% less than n, using modified Gram-Schmidt orthogonalizatoin. The output
% variables are an m x n orthonormal matrix Q and an n x n triangular
% matrix.

2The case of k = 1 is understood as a; = 0.
3The case of k = 1 is understood as a; = 0.

17



A
b
)
A
A
A
A
b

Implementation is based on Algorithm 8.1 of [1], pp. 58.
Z.Y., 07/11/2010.
Reference:

[1] Lloyd N. Trefethen and David Bau III. Numerical Linear Algebra.
Exercise 8.2.

[m, n] = size(A);
if (m<n)
error ('number of rows must be no less than number of columns.');
end
Q = zeros(m,n);
R = zeros(n,n);
for i=1:n
QC:, i) = AC:, i);
end
for i=1:n
R(i,i) = norm(Q(:,1),2);
QC:,i) = QC:,i)/R(i,1);
for j = (i+1):n
R(1,j) = QC:,1)"*Q(:,3);
Q(:,j) = Q(::J) - R(l’J)*Q(:’l);
end
end
end Ymgs

An alternative but equivalent, both theoretically and numerically, implementation is a translation of formula
(8.7) into MATLAB code, which is given below:

function [Q, R] = mgs_alt(A)

%MGS_ALT computes a reduced QR factorization of an m x n matrix A with m no

A
b
%
A
A
A
b
b
A
A
A

[m,

less than n, using modified Gram-Schmidt orthogonalizatoin. The
output variables are an m x n orthonormal matrix Q and an n x n
triangular matrix.

Implementation is based on formula (8.7) of [1], pp. 58.

Z.Y., 07/11/2010.

Reference:

[1] Lloyd N. Trefethen and David Bau III. Numerical Linear Algebra.

Exercise 8.2.

n] = size(d);

if (m<n)

18



error ('number of rows must be no less than number of columns.');

end
Q = zeros(m,n);
R = zeros(n,n);

R(1,1) = norm(A(:,1),2);

QC:,1) = A(:,1)/R(1,1);5
for j=2:n
v =AC:,3);

for i=1:(j-1)
R(i,j) = QC:,1) "*v;
v =v - R(E,P*QC,1);

end
R(j,j) = norm(v,2);
QC:,3) = v/R(3,3);

end

end Ymgs_alt

8.3.

Proof. We have the following factorization of R;:

1 0 --- 0 0 0
0 1 0 0 0
R: = 0 o ... L LGy .0 _Ln
7 Tjj Tjij Tij
0 o ... 0 1 0
0 0o --.- 0 0 1
0 0 1 0 0 0 0
0 1 0 0 0 0 1 0 0 0
= (0 0 on 0 0 0 L =7t ~Tjn
0 o --- 0 1 0 0 0 0 1 0
0 o --.- 0 0o --- 1 0 o --- 0 0 1

From formula (8.10), we can easily see that the diagonal matrix corresponds to the line ¢; = v;/ry; in
Algorithm 8.1, and the unit upper-triangular matrix corresponds to the line v; = v; — r;;¢; in Algorithm
8.1. O

9 MATLAB

9.1.
Proof. The MATLAB code is given below:

function discrete_legendre_polynomials

#%DISCRETE_LEGENDRE_POLYNOMIALS implements Experiment 1 of [1], Chapter 9.

19



A

) Z.Y., 07/11/2010.

A

% Reference

% [1] Lloyd N. Trefethen and David Bau III. Numerical Linear Algebra. SIAM,
% 1997.

% MATLAB program of Experiment 1
legendre(7);

% maximum error as a function of the (base 1/2) power of the grid spacing

pl = 4;
p2 = 20;
errs = [];

for v = pl:p2
errs = [errs, legendre(v)];
end

figure(3);

slope = (log(errs(end))-log(errs(1)))/(p2-pl);

plot(pl:p2, log(errs));

ylabel('logarithm of max error between the first 4 discrete and continuous Legendre polynomials');
xlabel(' (base 1/2) power of the grid spacing');

title(['slope = ', num2str(slope)]l);

end Ydiscrete_legendre_polynomials
Tl tototo bl hotetstothls Nested Function %%h%hhhhhhlkhhhhhhldhhhhhhhhh
function error = legendre(v)

% Experiement 1

x = (-27v:27v) ' /27v;
A=[x."0x."1x.72x.73];
(Q, R] = qr(A, 0);

scale = Q(2°(v+1)+1,:);

Q = Qxdiag(l./scale);

figure(1);
plot(x, Q);

% error between the first 4 discrete and continuous Legendre polynomials,
% based on formula (7.1) of [1].

n length(x);

L [ones(n,1) x (1.5%x.72-0.5) (2.5%x.73-1.5%x)];

figure(2);
subplot(2,2,1);

plot(x, Q(C:,1)-L(:,1));
subplot(2,2,2);

plot(x, Q(:,2)-L(:,2));
subplot(2,2,3);

plot(x, Q(:,3)-L(:,3));

20



subplot(2,2,4);
plot(x, Q(:,4)-L(:,4));

error = max(max(abs(L-Q)));

end Y%legendre

slope = -0.69779
-2 .

10 -

12 -

logarithm of max error between the first 4 discrete and continuous Legendre polynomials

“14 | | I I I I I
4

10 12
(base 1/2) power of the grid spacing

9.2.

Proof. The eigenvalue of A is 1; the determinant of A is 1; and the rank of A is m. To find the inverse of A, we
denote by N the m x m matrix with 1 on the first superdiagonal and 0 everywhere else. Then N is nilpotent
with power (m—1),i.e. N™~! = 0. Therefore A=t = (I+2N)™! = I-2N+(2N)?—- .-+ (=1)m"2(2N)™~2,
For example, when m = 3, we have

1 20 1 -2 4
A=|0 1 2,4 t=]0 1 =2
0 0 1 0 0 1

By Theorem 5.3 and the fact that gi is the largest singular value of A~!, we have

1
Om = AT,
So an upper bound on o, is the inverse of a lower bound on | A~!|5. Since A~ e, = ((—2)™1, (=2)""2,... 1),
we conclude |A™ |y > [((=2)™ 71, (=2)" 72, -+ 1)/|o = YL, This gives us
V3
Om

/A =1

For example, when m = 3, o =~ 0.1939 while 4‘7/571 ~ 0.2182; when m = 5, ¢ =~ 0.0470 while 4‘7{?7

0.0542. O

Q
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10 Householder Triangularization

10.1. (a)

Proof. The Householder reflector F' has the general form of I — 2¢gq*, where ¢ is a unit vector. If A is an
eigenvalue and x is an associated eigenvector, we have x — 2q¢*x = Az, or equivalently, (1 — Az = 2(¢*x)q.
So 1 is an eigenvalue and the space of associated eigenvectors is L ¢ = {z : ¢*z = 0}. Geometrically, this
eigen-space is the hyperplane H in Figure 10.1, which is invariant under the Housholder reflection.

If A # 1, we can conclude z is a scalar multiple of g. Suppose z = ug with p # 0. Then (1 —A)p = 2. So

A = —1 is an eigenvalue and the space of associated eigenvectors is (q) = {uq : 1 € C or R}. Geometrically,
this eigen-space is the straight line going through z and |x|ze; in Figure 10.1, which is invariance under the
reflection with respect to H. O

Remark 6. Beside direct computation, we can verify that the Housholder reflector satisfies the condition
F2?2 =1. So the eigenvalues must be either 1 or —1.

(b)

Proof. By the fact that F2 = I, we conclude det F = £1. Denote by ay, -- -, a,, the eigenvalues of F, with
the same multiplicity they have as roots of the characteristic polynomial of F', then Z:r;l a; = trF (see, for
example, Lax [L], Chapter 6, Theorem 3). So > i, a; = m — 2. We already know from part (a) that each
a; is either 1 or —1. Define py = #{a; : a; = 1,1 <i <m} and p_ = #{a; : a; = —1,1 < i < m}. Solving
the system of equations

P+ tp—=m
P+ —p-=m—2,
we have py =m — 1, p_ = 1. Therefore det F = [[\" | a; = —1. O

Remark 7. We don’t really need to go through the above algebraic argument to see det F = —1. Indeed,
as easily seen from Figure 10.1, all the vectors on the hyperplane H have eigenvalue 1, while the vector
perpendicular to H has eigenvalue —1. Since a vector perpendicular to H and a basis of H together form a
basis for the whole space, we can conclude the eigenspace for eigenvalue 1 has dimension (m — 1) and the

eigenspace for eigenvalue —1 has dimension 1. Hence det F = —1.

(c)
Proof. We note F* = F'. By Theorem 5.5, the singular values of F' are all equal to 1. O
10.2. (a)

Proof. The MATLAB code is given below

function [W, R] = house(A)

7%HOUSE computes an implicit representation of a full QR factorization A =

% QR of an m x n matrix A with m >= n using Householder reflectioms.
%

A Z.Y., 7/14/2010.

%

A Reference

A [1] Lloyd N. Trefethen and David Bau III. Numerical Linear Algebra.
% SIAM, 1997. Algorithm 10.1. Exercise 10.2(a).

[m, n] = size(d);

if (m<n)

error ('number of rows cannot be smaller than number of columns.');
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end

W = zeros(m,n);
for k=1:n
x = A(k:m, k);
if (x(1)>=0)
sgn = 1;
else
sgn = -1;
end
v = sgn¥norm(x,2)*eye(m-k+1,1)+x;
v = v/norm(v,2);
A(k:m, k:n) = A(k:m, k:n) - 2%v*v'*A(k:m, k:n);
Wk:m,k) = v;

R =A(1:n,:);

end %house

(b)
Proof. The MATLAB code is given below

function Q = formQ(W)

%FORMQ takes the matrix W = (vl, ..., vn) produced by Algorithm 10.1 of

% [1] as input and generates a corresponding m x m orthogonal matrix
h Q.

h

A Z.Y., 7/14/2010.

h

) Reference

% [1] Lloyd N. Trefethen and David Bau III. Numerical Linear Algebra.
% SIAM, 1997. Algorithm 10.3. Exercise 10.2(b).

[m, n] = size(W);
if (m<n)

error ('number of rows cannot be smaller than number of columns
end

Q = eye(m,m);
for k = 1:m
QC:,k) = formQx(W,Q(:,k));
end
end %formQ
Yt hhhhhh Nested function %hhhhhhhhhhhhhhb%

function y = formQx(W, x)
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[m, n] = size(W);

if (m<n)

error ('number of rows cannot be smaller than number of columns.');

end

if (~isvector(x))

error('x must be a vector.');

elseif (length(x) ~= m)

error('length of x must agree with the number of rows for W.');

end

for k = n:-1:1

x(k:m) = x(k:m)-2+W(k:m,k)*(W(k:m,k) '*x(k:m)) ;

end

y = x5
end Y%formQx

10.3.

Proof. The Gram-Schmidt routine mgs of Exercise 8.2 produces the following @) and R:

0.1010
0.4041
Q= |o0.7071
0.4041
0.4041

0.3162
0.3534
0.3906

—0.5580
—0.5580

0.5420
0.5162

05248 |, R

0.3871

—0.1204

9.8995 9.4954 9.6975
0 3.2919 3.0129
0

0

1.9701

The Householder routines house and formQ of Exercise 10.2 produce the following @) and R:

—0.1010 —0.3162
—0.4041 —0.3534
@ =|—-0.7071 —0.3906
—0.4041  0.5580
—0.4041  0.5580

0.5420
0.5162
—0.5248
0.3871
—0.1204

—0.6842

0.3280
0.0094
0.3656

—0.5390

—0.3577
0.5812
—0.2683
—0.4918
0.4695

» R=

MATLAB’s built-in command qr produces the following ) and R:

~0.1010
~0.4041
Q= |-0.7071
—0.4041
—0.4041

To see all these results agree, recall QR = (q1, - -

—0.3162

—0.3534

—0.3906
0.5580
0.5580

0.5420
0.5162

—0.5248

0.3871

—0.1204

» R=

2 n)

corresponding row in R should also change its sign.

10.4. (a)
Proof.

—9.8995

1

Tn

0
0

—9.8995

—9.4954
-3.2919

0
0

0

—9.4954
-3.2919
0

—9.6975
-3.0129
1.9701

—9.6975
-3.0129
1.9701

. So, if a column in ) changes its sign, the

—cr + sy
sr +cy

).
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. T z\ . (Sr+ 3y . . . T
So the midpoint of Y and F Y is | 2 .42 |, which is perpendicular to the vector connecting Y
2

16 OG-+ 6)]

This shows F' is a reflection.

(%) = cosf sin@)\ [rcosa) cosfcosa+sinfsina \  (cos(a —6)
y) = \—sin® cosf) \rsina) "\ —sinfcosa +cosfsina) " sinfa —6) )

So J represents a clockwise rotation of angle 6. O

11 Least Squares Problems
11.1.

Proof. If m = n, we have nothing to prove. So without loss of generality, we assume m > n. Suppose the

reduced QR factorization of A is Q]% = <gl) R where R is an n x n diagonal matrix and Q1 is also of
2

dimension n x n. Then A; = QAll-AE and we have
A+ — (A*A)—IA* — (R*Q*Qé)—l(é*@*) — é—l@* _ AIIQIQ*

Therefore |AT[2 < A7 2]Q1Q*[2. To finish the proof, it suffices to prove |Q1Q*|2 < 1. Indeed, since
the columns of @ are orthonormal, we can always find an m x (m — n) matrix H such that (Q, H) is an
orthonormal matrix. Write I in the form of <g

2
(m —n) x (m —n). Then, for any b € R™ or C™, we have

A Q1 H)\ (O~ Qb Qb
@< ) (S =1L 1@,

This implies |Q1Q*|2 < 1. Combined, we can conclude |AT [y < AT . O

> where H; is of size n x (m —n) and Hs is of size

J(@ny o], -

Remark 8. We make the following interesting observation. Suppose @ is an m X m orthogonal matriz and
we write it in the form of
Q= <Q11 Q12)
Q21 Q)

where Q11 is of size n X n, Q12 is of size n X (m —n), Qa1 is of size (m —n) X n, and Qao is of size
(m —n) x (m —n). In general, we cannot claim Q11 is orthogonal and conclude |Q11]2 = 1, but we can
conclude Q11 is a contraction under the 2-norm, i.e. |Q11|2 < 1. This is because for any z € R™ or C",

jQuete < (3 22) (5)] = et

where the special property that an orthogonal matriz preserves 2-norm is used.

11.2. (a)
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Proof. The problem is to find coefficient a1, as and a3 such that ff [alem + agsinz + asl(x) — x’l]Q dx is

minimized. Let F(ay,as2,a3) = ff [alex + agsinx + asl'(z) — x_1]2 dz. Then the conditions for extremum

%F(al,ag,ag) =0
%F(al,ag,ag) =0
0

%F(ala az, a3) =

translate into the following system of linear equations

fﬁe2wdx ffewsnlxdx ffIXaﬂewdx a1 IQ%;dx
ff e” sinwdx ff sin? xdx ff [(z)sinadz | | a2 | = f]z SIDL g
ﬁfeIIKx)dm ffshan(x)dm ffla(x)dx as E%de

Using the numerical integration routine of MATLAB (quad), we can compute the matrix in the above
equation as well as the column vector in the right side of the equation. Solving it gives us the (theoretically)
accurate solution of optimal fitting.

function [acc_coeff, acc_L2err, apprx_coeff, apprx_L2err] = L2Approx(l,r)

%L2APPROX approximates the function x~(-1) in the space L"2[1, 2] by a linear

% combination of exp(x), sin(x) and gamma(x).

A

% Z.Y., 7/18/2010.

A

% Reference

% [1] Lloyd Trefethen and David Bau III. Numerical Linear Algebra,
b SIAM, 1997. Exercise 11.2.

A

% Example: L2Approx(1,2);

% Accurate solution: compute coefficients
tol = 1.0e-15;

f11 = @(x)exp(2*x);

£12 = @(x)exp(x) .*sin(x);

f13 = @(x)gamma(x) .*exp(x);
22 = @(x)sin(x) .*sin(x);

£23 = @(x)gamma(x).*sin(x);
£33 = @(x)gamma(x) .*gamma(x) ;
gl = e(x)exp(x)./x;

g2 0(x)sin(x) ./x;

g3 = @(x)gamma(x)./x;

accA = zeros(3,3); accb = zeros(3,1);
for i=1:3
accb(i) = eval(['quad(g',num2str(i),', 1, r,tol);']);
for j=i:3
accA(i,j) = eval(['quad(f',num2str(i),num2str(j),', 1, r,tol);']);
accA(j,i) = accA(i,j);
end
end

acc_coeff = accA\accb;
acc_L2err = quad(@(x)L2Err(x,acc_coeff), 1, r, tol);
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figure(1);

step = 0.001;

x = l:step:r;

y = exp(x)*acc_coeff (1) + sin(x)*acc_coeff(2) + gamma(x)*acc_coeff(3);

z = 1./x;

plot(x, z, 'b', x, y, 'r');

legend('1/x', [num2str(acc_coeff(1)), 'exp(x)+',
num2str(acc_coeff(2)), 'sin(x)+',
num2str (acc_coeff (3)), 'gamma(x)']);

grid on;

title(['Approximation of 1/x by linear combination of exp(x), sin(x), ',...
'gamma(x) in L2-norm over [', num2str(1l),',',num2str(r),']’',
', L2 err: ', num2str(acc_L2err)]);

% Approximate solution: least square problem

apprx_step = 0.00001;

xx = l:apprx_step:r;

apprxA = [exp(xx)', sin(xx)', gamma(xx)'];

apprxb = 1./xx';

apprx_coeff = apprxA\apprxb;

apprx_L2err = norm(apprxA*apprx_coeff - apprxb, 2)/length(apprxb);

figure(2);
plot(xx, 1./xx, 'b', xx, apprxAxapprx_coeff, 'r');
legend('1/x', [num2str(apprx_coeff(1)), 'exp(x)+',
num2str (apprx_coeff(2)), 'sin(x)+',
num2str (apprx_coeff(3)), 'gamma(x)'l);
grid on;
title(['Approximation of 1/x by linear combination of exp(x), sin(x), ',...
'gamma(x) in discrete L2-norm over [', num2str(1l),',',num2str(r),...
'], discrete L2 err: ', num2str(apprx_L2err)]);

end ‘%appox

Tttt o b he o totosy Nested function hhhhhhhhhhhhhhhhhhhhh

function err = L2Err(x, a)

al = a(1); a2 = a(2); a3 = a(3);
err = (al*exp(x) + a2*sin(x) + a3*gamma(x) - 1./x).72;
end %L2_err

O
Remark 9. The help information of MATLAB, under the entry pseudoinverses, explains three equivalent

ways of solving a rank-deficient system: If A is m-by-n with m > n and full rank n, then each of the three
statements

x = A\b
x = pinv(A)*b
x = inv(A'*A)*A'*b

theoretically computes the same least squares solution x, although the backslash operator does it faster.

11.3.
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Proof. The MATLAB code for this exercise is given below:

function x = poly_apprx

7%POLY_APPRX approximates the function x~(-1) in the space L"2[1, 2] by a linear

% combination of exp(x), sin(x) and gamma(x).

A

h Z.Y., 7/18/2010.

A

% Reference

A [1] Lloyd Trefethen and David Bau III. Numerical Linear Algebra,
h SIAM, 1997. Exercise 11.3.

format long;
m = 50; n = 12;

t = linspace(0,1,m);
A = fliplr(vander(t));
A=A(:,1:12);

b = cos(4*t)';

%(a) Formation and solution of the normal equations, using MATLAB's \
R = chol(A'*A);
x1 = R\(R'\(A'*b)) ;

%(b) QR factorization computed by mgs (modified Gram-Schmidt, Exercise 8.2)
[Q, R] = mgs(A);
x2 = R\(Q'*b);

%(c) QR factorization computed by house (Householder triangularization,
%Exercise 10.2)
[W, R] = house(A);

Q = formQ(W);
Q =QC:,1:n);
x3 = R\(Q'*b);

%(d) QR factorization computed by MATLAB's qr (also Householder
%triangularization)

[Q, R] = qr(4);

x4 = R\(Q'*b);

%(e) x = A\b in MATLAB (also based on QR factorization)
x5 = A\b;

%(£) SVD, using MATLAB's svd
(U, s, V] = svd(4,0);
x6 = Vk(S\(U'*b));

x = [x1, x2, x3, x4, x5, x6];
end %poly_apprx

The results of these six lists of twelve coeflicients are recorded in the following tables, from which we can
see that results from method (c)-(f) are consistent, result from method (b) is somewhat different, and result
from method (a) is unstable.

28



coefficients T To T3
ag 1.00000001465169 | 1.00000000350410 | 1.00000000099659
ay -0.00000449714573 | -0.00000117405761 | -0.00000042274146
as -7.99982732153282 | -7.99995281040164 | -7.99998123572225
as -0.00259730734173 | -0.00074001641075 | -0.00031876281895
ay 10.68694453795226 | 10.67267129913343 | 10.66943079325323
as -0.09313280176144 | -0.02850450420331 | -0.01382027756329
ag -5.42151357259457 | -5.60529257307527 | -5.64707565382729
ar -0.48952347964704 | -0.15207694321151 | -0.07531598015849
as 2.18420198493399 | 1.78455754119606 | 1.69360691536360
ag -0.35588588385285 | -0.06108461047809 0.00603214174793
a -0.22300544585926 | -0.34618754322297 | -0.37424171636699
a1 0.06070014261595 0.08296770979626 0.08804057827562
coefficients Ty Ty Tg
ag 1.00000000099661 1.00000000099661 1.00000000099661
ay -0.00000042274331 | -0.00000042274367 | -0.00000042274330
as -7.99998123567923 | -7.99998123566715 | -7.99998123567958
as -0.00031876330399 | -0.00031876345909 | -0.00031876329890
ay 10.66943079635676 | 10.66943079740723 | 10.66943079631425
as -0.01382028980042 | -0.01382029406980 | -0.01382028959570
ag -5.64707562270147 | -5.64707561163632 | -5.64707562330371
ar -0.07531603222675 | -0.07531605097010 | -0.07531603110511
as 1.69360697232565 1.69360699300149 | 1.69360697099570
ag 0.00603210250426 0.00603208818858 0.00603210347811
aip -0.37424170091224 | -0.37424169526212 | -0.37424170131392
a1 0.08804057562238 0.08804057465256 0.08804057569379
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